e consider the problem of simultaneously allocating servers and demands in a service system with independent multiple facilities. We assume a fixed number of facilities and total servers which must service a given Poisson arrival stream. We also assume that service times are identically distributed and independent of the server or facility. The allocation decision is one of simultaneously determining the number of servers and the fraction of the total arrival stream for each facility in order to optimize a given performance measure. Several performance measures are considered including minimizing expected system delay and equalizing delays across facilities. Our findings demonstrate that the overall system performance improves as the individual facilities become more unbalanced in the number of allocated servers. More formally, we show that if there is a server allocation that is maximal under the partial order of majorization, then it is optimal.
Introduction
It is well known from both experience and theory (Smith and Whitt 1981 ) that the performance of a service system can be improved when separate facilities serving distinct arrival streams are combined to serve all the streams together. However, there are many situations in which it is undesirable or infeasible to combine facilities. One case arises from the need to locate service facilities reasonably near their respective arrival sources. Examples include consumer businesses such as banks, retail stores, and fast food restaurants where geographic proximity is an important dimension of customer service. A variation of this is in systems in which servers must travel to customers, such as in emergency systems and many repair operations, so that travel time is part of the service time and thus cannot get too large. The combination of facilities may also be restricted by physical size and/or manageability limitations. A critical characteristic in designing such multi-facility systems is that performance will depend on both the allocation of servers and the allocation of work to the respective facilities. A related situation arises when the service needs of the arrivals and hence the types of servers needed to meet them may differ. This occurs, for example, in manufacturing and repair systems where individual workers and/or machines are trained or designed to deal with specific and different demand types. Thus certain arrivals must be directed to certain servers and resource combination is infeasible. An important issue in such a situation is the degree of flexibility that should be designed into certain servers so that the total workload of the system can be handled optimally with respect to a given performance criterion. Again, this must be decided in conjunction with the allocation of workload among the different server types. See Guha (1990) for a discussion of this case.
In this paper we will deal with the first class of multifacility service systems. That is, we will assume that the demand stream is homogeneous and has the same service time distribution independent of the server or facility. Thus workload can be allocated in a continuous fashion rather than by distinct groupings. We will also assume that the total numbers of facilities and servers are fixed, but each facility can vary in the number of assigned servers and its associated arrival population. In such systems, the allocation decision is one of simultaneously determining the number of servers and the fraction of the total arrival stream for each facility in order to achieve a given overall performance objective. Once these determinations are made, we assume that facilities operate independently of one another. It is important to note that these allocations of both servers and customers are static and not determined by dynamic control rules.
The purpose of this paper is to provide evidence based on simple approximations and numerical results that the overall efficiency of a multi-facility system with Poisson arrivals increases as the individual facilities become more unbalanced, i.e. the number of servers assigned to each becomes more "uneven." So, for example, in the two facility case (where each facility must have at least one server) with a total of s servers, the optimal allocation of servers would be 1 and s -1 assuming, of course, an associated optimal allocation of demand. More formally, we show that for any given number of facilities and a fixed total number of servers, if there is a server allocation that is maximal under the partial order of majorization, then it is optimal. We show that this is true for several performance measures including, perhaps counterintuitively, equalizing delays across facilities.
To our knowledge, no previous work has addressed the central issue of this paper-the simultaneous assignment of servers and work in a service system with independent multiple facilities. The server allocation problem and the work allocation problem for such systems have been studied separately. Allocating a fixed budget of servers to a given number of facilities, each with given demand, was first considered by Rolfe ( 1971 ) who showed that a marginal allocation procedure is optimal assuming Poisson arrivals and constant service times. Dyer and Proll (1977) extended this to the case of exponential service. Lee and Cohen (1985) considered the problem of dynamically allocating incoming demands of different classes to facilities, each with a given number of servers.
The problems of server and workload allocation in the context of queueing networks has been addressed in several papers including Stecke and Solberg (1985) , Shanthikumar and Yao (1988) and Dallery and Stecke ( 1990) which considered closed queueing networks. Of these, the results in Stecke and Solberg are most similar to those reported in this paper. They include findings for some special cases that unbalanced configurations of servers are superior to balanced ones and unbalanced workloads are better than unbalanced ones. Hillier and So (1991) examined the issue of simultaneous allocation of servers and workload in the context of a production line. Their major finding, based on numerical results, parallels ours. That is, they found that when simultaneously optimizing the server and work allocations, the optimal server allocation is one in which every station receives just a single server except for one of the two end stations which receives all the other servers. They call this the " L phenomenon." Most recently, Calabrese (1992) examined workload allocation in an open Jackson network and found that server pooling-combining servers into fewer but larger groups-always improves performance. In all of these network models, the measure of performance used is throughput.
In ?1 we describe the model formulation and define the concept of majorization. Section 2 first examines the case of two facilities for which we present numerical results to support our conjectures. We then prove that if the result holds for two facilities, it holds for any fixed number of facilities. We end this paper in ?3 with our conclusions.
Assumptions and Definitions
Let M equal the total number of facilities and N the total number of servers, where N > M. We assume that service times are identically distributed and are independent of each other and the facility at which the service is performed. Let the service rate of each server be 1, which corresponds to measuring time in the scale of mean service times. We assume that the total arrival stream is Poisson with rate X.
Our problem can then be expressed as finding a server allocation vector (s1, . . . , SM) and an associated arrival rate vector (X1, . . . , XM) so that some total system cost which may be where f (Xi, si) is some performance measure or cost for facility i which depends on the arrival rate and server allocation to i. This function f may be, for instance, the mean queue size, the expected delay, the probability of delay, or the demand-weighted probability of delay. To avoid trivial solutions (e.g. all servers and customers are allocated to a single facility) and to allow for real size constraints, we assume that the number of servers at each facility i has both an upper and lower bound, ui and 1i with 1i > 0 and ui < N for all i. Again, it is important to note that each Xi represents a fraction of the total arrival stream that is sent to facility i with fixed probability independent of the state of the system. Thus, each new demand is immediately routed to its predetermined facility and is served in a first-come, firstserved discipline. The major result we want to establish is that if there is a server allocation that is maximal under the partial order of majorization, then there is an associated arrival stream allocation such that system performance is optimized.
We now define majorization. For any (x1, 
Conjectures and Results
We first examine the case of two facilities. We will consider the measures of expected delay and probability of delay. We will also consider two system objectives: minimizing the average system performance and minimizing the maximum delay. Note that under our assumptions, the latter objective is equivalent to equalizing delays at each facility and may be more appropriate when issues of equity are important.
We first state our two major conjectures. This conjecture then states that when the objective is equalizing probability of delay or expected delay, a more uneven server allocation will result in lower delays. For the case of minimizing total system performance, we have the following conjecture. 
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The left hand side of this inequality is the minimum cost of serving the total demand X at two facilities with S1, S2 servers and the right hand side is the minimum cost of serving the same demand with s, -1 and S2 + 1 servers. If we assume that f is the expected queue length, then this conjecture states that the average system expected queue length or, equivalently by Little's formula, the expected system delay will be reduced by a more uneven server allocation. Similarly, f may be the demand-weighted probability of delay. Tables 1 and 2 present the results of numerical experiments which support these conjectures where f is the expected queue length or the weighted probability of delay. We consider two-facility systems with a total number of servers ranging from 5 to 14. We assume that service times are exponential. For each we solve for the demand allocations which optimize the system performance measure for all possible server allocations and a range of feasible total demands corresponding to various total traffic intensities (rho) X/N. In each case, as the imbalance (i.e. the difference between servers in the two facilities) increases, the system performance improves. These results were obtained by discretizing the total arrival rate X by taking A = X/ 10,000 and using marginal allocation. For Table 1 , each unit A was allocated to the facility with the smaller cost. For Table 2 , this meant iteratively allocating each unit A to the facility where it would result in the smallest increase in cost. Since the performance measures we are considering are convex in X, Lee and Cohen (1983) and Fox (1966) have shown that the optimal solution can be found in this way.
Though these results were obtained assuming an exponential service time distribution, it is reasonable to expect that they will hold for more general service distributions since the widely known and used approximations for M/G/c queues (see, e.g. Hokstad 1978) indicate that for a given service distribution, the expected queue size, etc. is a constant times the same measure for the comparable M/M/ c system. Now we consider a service system with M independent facilities. First consider the case of minimizing the total system cost. Then the total cost incurred in the system is We wish to show that if the cost function f has the property that the total cost for a two facility system is Table 2 System 
Conclusions
We have studied a service system with independent multiple facilities where the problem is to simultaneously allocate servers and demands in order to optimize a system performance measure. Under the assumption of homogeneous demands that can be continuously allocated, we have shown that if there is a server allocation that is maximal under the partial order of majorization, then it is optimal. This result is consistent with some previous observations and results for queueing networks and with the concept that queueing systems become more efficient as the number of servers increases (see, e.g., Whitt 1992). From an applications perspective, it implies that service territories should be designed to achieve unequal population sizes, particularly if geographic areas can be kept about the same.
We have assumed that service times are identically distributed and independent of the facility and the allocated demand at that facility. An important and interesting extension of this work would be to examine the problem of simultaneous allocation of servers and demands when service times increase as the fraction of the customer population assigned to a facility increases. This occurs, for example, when enlarging the arrival allocation to a facility means increasing travel times to customers as in many emergency and repair systems. For some discussion on this, see Guha (1990) .
